Linear time-invariant (LTI) systems appear frequently in natural sciences and engineering contexts. Many LTI systems are described by ordinary differential equations (ODEs). For example, biological gene regulation, analog filter circuits, and simple mechanical, electrical, and hydraulic systems can all be described with varying approximations as LTI systems using ODEs. While linearity and time-invariance are straightforward to demonstrate for closed-form system definitions, determining whether an ODE describes a system with LTI properties is less obvious and rarely discussed in depth in the literature. Complications arise due to slightly different definitions of linearity in different contexts. This commentary is intended to provide clarity on this subtle point, and act as an instructional aid or educational supplement.
Systems Without Feedback
Let S be an arbitrary system that maps a real-valued time-varying input x(t) to a real-valued time-varying output y(t).
In the simplest case, the output is a deterministic function of the input so that y(t) = S [ x(t) ].
S x(t) y(t)
The input x(t) is assumed to be known and controlled (perhaps by an experimenter or control system). When convenient, we may omit the time parameter without changing the meaning, as in S [ x ] = y. implies that S [ αx 1 (t) + βx 2 (t) ] = αy 1 (t) + βy 2 (t)
S [ x(t) ] = y(t)
implies that
A system is linear time-invariant (LTI) iff the system is both linear and time-invariant [1] [2] [3] . A simple but important corollary of (1) is that S [ 0 ] = 0 for any LTI system S.
Determining linearity is straightforward when there is no feedback. For example, consider the system
We can confirm mechanically that S is LTI by checking that (1) and (2) are satisfied. Let α and β be arbitrary constants, and let x 1 (t) and x 2 (t) be arbitrary inputs.
Furthermore, a system can be shown to be non-LTI by finding a single counterexample to (1) or (2) . For example, consider the system y = S [ x ] = ax + b (3) This system is not LTI because for x 1 (t) = 3 and x 2 (t) = 4, we find that
which, in violation of (1) does not equal
Note that although y = ax + b is frequently referred to as "linear" in other contexts because it describes a line with intercept b, strictly speaking this is an affine transformation; it is not a linear system by our definition.
Systems With Feedback
It is also possible for the system to exhibit some feedback, so that the output depends on both the input and the output itself y(t) = S [ x(t), y(t) ].
S x(t) y(t)
It is no longer immediately clear how to apply (1) and (2) to test if S is LTI. One solution is to "unroll" the feedback to obtain a closed-form expression for y in terms of only x. For example, consider the following system with feedback:
We can test if the system is LTI by computing an equivalent system T so that y(t) = T [ x(t) ]. Solving the equation above for y(t) we now obtain:
Clearly S and T have the same behavior since the relationship between y and x is identical for all times. Since we can easily confirm that T is LTI by applying (1) and (2), we can also say that S is LTI.
However, this strategy of "unrolling" a system with feedback is not always a simple algebraic manipulation. Consider, for example, the following system with feedback:
Applying the "unrolling" trick now requires solving this ordinary differential equation (ODE). The general solution is
where y 0 = y(0) is the initial condition of the system. However, the explicit reliance on the initial condition becomes problematic when we try to apply Definition 1. The parameter y 0 produces an entire family of different "unrolled" systems that satisfy the original equation (4). We now wish to determine if any members of this family are LTI.
To satisfy linearity, recall that every LTI system must have S[0] = 0. Applying this constraint to T , we find that
which is only true when y 0 = 0. This leaves us with the following specific solution to (4) which now has no parameters.
It is easy to show that this solution is linear; however, we find that it fails the time-invariance test, since
Therefore, there does not exist a particular closed-form solution to (4) that satisfies both (1) and (2). In particular, the linearity constraint requires us to set the initial conditions to zero; however, fixing a particular initial condition violates the requirement of time-invariance. To preserve time-invariance, we would need to both shift x(t) and y(t) in time, and also appropriately update our choice of y 0 ; however, doing so results in a different formula for T . Does this mean that system (4) is not an LTI system? To the contrary, we will find that system (4) in fact is an LTI system; we have simply failed to find an LTI transformation T without feedback that is equivalent to the system S with feedback.
Although the "unrolling" strategy has not succeeded, we would still like to determine whether S is LTI. Thus, we can extend the definitions of linearity and time-invariance to better accommodate systems with feedback. which confirms that (4) is linear. Now applying (7), we find
which confirms that (4) is time-invariant. In this way, we have shown that the ODE is LTI without needing to solve it.
We can likewise demonstrate that a system with feedback is not LTI by finding a counterexample to either (6) or (7). Consider the following system with feedback: By the new definition, we can now state more generally that any system written as a linear combination of derivatives of the input and output is LTI. Consider an arbitrary system with the following form.
In an analysis similar to that above, it follows that (6) and (7) both hold for this system; thus, it is LTI.
There may be multiple equivalent representations for a single system with feedback. For example, the following two systems are equivalent:
The equivalence follows by differentiating the top system and solving for y(t). In this way, any system described by a linear combination of derivatives and integrals of y can be re-written to only contain derivatives terms. However, this does not work in general for systems with integrals of x. For example, consider the following.
Eliminating the integral from this equation eliminates the zeroth order term in y, preventing us from being able to solve the equation for y. Instead, the best we can do is this:
By the linearity of differentiation and integration, we can show that (8) is LTI. However, when we re-write it in the form of an ODE, we cannot solve for y to write out S [ x, y ] as we have done before. Nonetheless, we can still understand (9) to describe an LTI system even though it is not written with y separated on its own. By allowing ourselves this flexibility in notation, we can now claim generally that every linear ODE describes an LTI system. Indeed, a wide array of LTI systems with scientific and engineering applications are described in the form of ODEs.
Conclusion
We have presented an extension to the definition of linear time-invariance that accommodates systems with feedback. We presented methods for proving and disproving the linear time-invariance of systems with and without feedback. Finally, we showed that every linear ODE describes an LTI system.
